With a recent claim of superluminal neutrinos shown to be in error, 2012 may not be a propitious time to consider the evidence that one or more neutrinos may indeed be tachyons. Nevertheless, there are a growing number of observations that continue to suggest this possibility -albeit with an m 2 ν < 0 having a much smaller magnitude than was implied by the original OPERA claim.
I. INTRODUCTION
In this paper we summarize various observations suggesting that one of the neutrinos is consistent with being a tachyon as originally defined, i.e., a particle with m 2 < 0 and v > c that obeys relativistic kinematics, [1] a possibility first raised by Chodos, Hauser and Kostelecky. [2] As is well known, time-of-flight measurements of neutrinos no longer show any indication of superluminality, but they do set useful upper limits at the GeV energy scale. [3, 4] There is also the upper limit on δ = (v − c)/c at low energies (around 20 MeV) set by SN 1987A, i.e., δ < 2 × 10 −9 . [5] As shown in the next section, however, there are reasons to disbelieve this much more stringent upper limit.
II. SN 1987A NEUTRINO DATA
A. Questioning the upper limit on δ
The burst of 24 neutrinos seen in the Kamioka, [5] IMB [6] and Baksan [7] detectors, arrived about 3 hours before the light was recorded from SN 1987A. This early arrival was presumably due to the delay experienced by photons emitted from the collapsing SN core, which was not the case for the emitted neutrinos. However, the value of the photon delay need not have been the entire 3 h, therefore the early neutrino arrival is normally assumed to set only an upper limit on any excess above c for their speed, δ < 2 × 10 −9 . Here we show that one cannot rule out a third superluminal mass eigenstate that arrived long before the other 24 neutrinos. This assertion, however, does not refer to the burst of 5 events observed in the LSD detector underneath Mt. Blanc, [8] which occurred during a 7 s interval nearly 4 hours before the 24 event burst, as we can easily show. Consider hypothetical superluminal neutrinos of some fixed m 2 and varying values for their energy E that are assumed to have originated in a very brief burst. Relativistic kinematics under the approximation that 1 − m 2 /E 2 ≈ 1 − m 2 2E 2 requires that the neutrino arrival time t can be expressed as
where t 0 denotes the light travel time from the supernova, and t = 0 would be the arrival time of m 2 = 0 neutrinos -which as shown in reference 12 is probably equivalent (within ±0.5s) to setting t = 0 for the earliest arriving neutrino in each detector for the 24 event burst. From Eq. 1 we therefore find that if m 2 is fixed that the spread in the neutrino arrival times will be related to the spread in their energies according to:
Eq. 2 implies that in order to be observed t = 4h early within a burst as short as ∆t = 7s the superluminal neutrinos would have had to be monochromatic to one part in 5140 -which is virtually inconceivable for neutrinos from an exploding supernova. Turning the argument around, we can say that superluminal neutrinos with the energy spread seen for events in the three detectors, i.e., ∆E E ≈ 1 would have arrival times spread over many hours and would certainly not be recognized as a pulse above background (around 1 event in 8 seconds).
Whatever the source of the Mt. Blanc neutrinos, they could not have been due to brief superluminal burst emitted from SN 1987A. The inability to recognize a superluminal signal as a short pulse above background would be even less possible for larger excesses above light speed, where the spread in arrival times would be even larger. Thus, the normally assumed upper limit δ < 2 × 10 −9 from SN 1987A data is not correct, because any real superluminal signal would have gone unnoticed for large δ if one is expecting to see a pulse above background.
B. Two claimed mass eigenstates
The neutrinos from SN 1987A have been the subject of hundreds of papers, both theoretical and phenomenological. [9] Some of these papers analyze the data to infer an upper limit on the electron neutrino mass, which ranges typically from 12 to 16 eV , [10, 11] although one 2010 analysis has claimed a 5.8 eV upper limit, [12] and still more refined methods may allow future galactic supernova to achieve mass limits as low as 0.14 eV. [13] In marked contrast to finding upper limits, a 2012 paper has claimed evidence for the presence of two (non-superluminal) mass eigenstates for the SN 1987 A neutrinos, [14] following the method of earlier similar analyses by Cowsik [16] and Huzita. [15] The heavier mass eigenstate has m 2 = 21.4 ± 1.2eV , while the lighter one has m 1 = 4.0 ± 0.5eV -similar to the values cited by Cowsik in 1988, [16] but with considerably smaller uncertainties.
Before considering the implications of this result for a third superluminal state having The main weakness of the claim of two mass eigenstates is that it rests on there being near-simultaneous supernova neutrino emissions (within ±0.5s) of most of the detected SN 1987A neutrinos. Supernova core collapse models in fact do show that the burst of electron neutrinos and antineutrinos rises and falls by an order of magnitude in the first second, [17, 18] while some models show it lasting only about 0.02 seconds. [19] Alternatively, it is possible some of the neutrinos detected from SN 1987A were emitted over an extended period of time, but they had a strange correlation between their energy and emission time that mimicked two mass eigenstates on an plot of 1/E 2 versus t. One could conceivably accommodate this correlation within the framework of a composite model consisting of the sum of two thermal spectra. [20] Ultimately, however, there is no way to know precisely what fraction of the neutrinos emitted during a supernova core collapse are emitted in the first second. While supernova modeler Thomas Janka has suggested the number is likely to be no more than half, [21] the fraction of the 24 observed neutrinos emitted during the first second could be considerably greater than half, given the softer spectra of later-emitted neutrinos. [22] C. SN 1987A and superluminal neutrinos?
In the remainder of this section we show that even though the two mass eigenstates claimed for SN 1987A are not superluminal their existence (if confirmed) would imply that there must be a third unobserved eigenstate that is superluminal in order to be compatible with cosmological upper limits on the sum of the masses of the three flavor states, i.e., 3 j=1 |m j | < 0.28eV, [23] and that of the electron neutrino mass, m ν e < 2eV from tritium beta decay. [24] We can express the effective mass of the fth flavor state in terms of a sum over all the mass eigenstates m i as: experiments can be fit with one or more sterile neutrinos, and they fit best with three of them. [25, 26] For example, a collective fit with one sterile neutrino has a good probability of 55% but a compatibility between data sets of only 0.043%, while the three sterile neutrino fit has a 90% probability and a compatibility of 53% between data sets. [26] Although one might not be especially impressed with a good fit having as many as free parameters as occurs with 6 oscillating neutrinos, as we shall see later, the number of independent free parameters is far less than what one might think.
B. A 3 + 3 neutrino model
Here we discuss a 3 + 3 neutrino model assuming three active/sterile pairs, which differs significantly from earlier models, [27] C. Global fits to 3 + 3 models
In a 3 + 3 global fit to all experiments the main interest is in seeing whether any large Given the highly controversial nature of the claims made in the previous section it is useful to summarize earlier evidence for tachyonic neutrinos before considering theoretical support for them, and how those claims can be tested -in some cases using existing data.
A. The shape of the high energy cosmic ray spectrum
Chodos, Hauser and Kostelecky in 1985 [2] suggested that one could test whether electron neutrinos are tachyons based on the beta decay of stable particles whose energy exceeds some threshold. In 1999, following a suggestion by Kostelecky, [29] Ehrlich adopted this idea to modeling the cosmic ray spectrum. [30, 31] It is well known that the observed spectrum satisfies a power law dN dE ≈ E −γ where γ changes value relatively abruptly at an energy in the vicinity of 4 PeV, which is known as the knee of the spectrum. One can interpret the presence of the knee using the Chodos et. al. idea that protons are decaying with this energy as their threshold, and they are increasingly depleted from the spectrum above this energy. For protons, the threshold energy is inversely related to the absolute value of the tachyon mass (in eV ) through [30] 
A second change in the spectrum power law known as the ankle occurs around 10 4 P eV.
In Ehrlich's model a good fit was obtained to the high energy spectrum (including both the knee and the ankle), by assuming m νe 2 = −0.16 ± .09eV 2 .
B. Neutral hadrons in the cosmic rays from Cygnus X-3
One important prediction of the fit to the cosmic ray spectrum was the existence of a neutron line (from proton decay) that occurred right at the knee. [30] Evidence for a neutron line at the knee was subsequently reported based on cosmic rays pointing back to Cygnus X-3, an X-ray binary having a 4.79 h period. [32] At PeV-scale energies cosmic rays pointing back to a particular distant source constitutes evidence that those primary cosmic rays are neutral particles, given the strength of the galactic magnetic field. Of the four groups that had reported high energy cosmic rays from Cygnus X-3 during the 1970 ′ s and 1980 ′ s with signal strengths at the 4-5 σ level, only the Lloyd-Evans group had events above 1 PeV. [33] That data showed an excess of 28.4 events in two adjacent energy bins straddling 5 PeV, with an uncertainty in the two bin total of 5.0 events, i.e., N = 28.4±5.0 (5.7σ). Thus, the energy at which the peak occurs came very near the knee of the spectrum, which was previously interpreted as the threshold for protons to beta decay into neutrons. Given that evidence also existed for the Cygnus X-3 cosmic rays being neutral hadrons, Ehrlich interpreted the 4.5 PeV peak associated with Cygnus X-3 as a confirmation of the earlier prediction of a neutron line at the knee of the cosmic ray spectrum. [32] Today many cosmic ray researchers express skepticism about the reality of those early reports of cosmic rays from Cygnus X-3.
The conventional wisdom is that the only primary cosmic rays pointing back to sources at PeV energies are photons or neutrinos. In fact, a more recent high statistics cosmic ray study failed to observe non-episodic cosmic rays from Cygnus X-3 at PeV energies. [34] However, it should be noted that this negative result need not disprove the validity of the earlier observations since Cygnus X-3 is known to be an episodic source that is especially intense at times of strong radio flares when the RF luminosity increases a thousand fold. 2 , [44] and it also leaves room for the addition of sterile neutrinos. [45] Moreover, the same authors note that these extensions to the Dirac equation allow tachyonic neutrinos to be a candidate for the acceleration of the universe or dark energy. [46] VI. TESTS OF TACHYONIC NEUTRINOS AND THE 3 + 3 MODEL
The first proposed test is the least intereting one, and is likely only to result in setting upper limits, while all the rest involve testing far more specific predictions discussed earlier.
A. Time of flight experimental searches for no specific m ν 2 < 0
Time of flight experiments involving Earthly distances should be feasible so long as a tachyon had an −m 2 on the order of many keV 2 . The lowest mass one might be able to detect using Earthly distances might be around m 2 = −0.0019MeV 2 = −1, 900keV 2 based on Eq. 1 using E = 20MeV , t = 50ns and t 0 = 6400km/(3 × 10 5 km/s). Such a result would be many orders of magnitude smaller than the original OPERA claim. Recall that on a plot of 1/E 2 versus neutrino arrival time t events corresponding to a specific neutrino mass lie on a straight line passing through the origin whose slope is inversely proportional to m 2 . Given that 8 of the 12 actual SN 1987A events observed in Kamioka have E > 12MeV (see Fig. 2 ), it would not be surprising that any superluminal eigenstate might have perhaps 4 neutrinos associated with it for which E > 12MeV. The four dots in A tantalizing hint that this possibility might be due to more than the author's feverish imagination is provided by the one real Kamioka event (the square in Fig. 2 upper graph) that falls in the only 17 min time interval falling in the one hour before the 12 event burst.
This event lies quite near the predicted straight line. It is silly to provide a calculation of the probability of this occurring based on random background, given only one event, but it is probably only about 1/100. This estimate is based on the likelihood of a background event occuring in that 17 minute interval (about 1/10), and its likelihood of it lying very close The correspondence between our labelling of the six neutrino mass states and the conventional one is: ν 1 = ν 1L , ν 2 = ν 2L , ν 3 = ν 3L , ν 4 = ν 1R , ν 5 = ν 2R , ν 6 = ν 3R .
